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Entropy for curvature squared gravity using surface term and auxiliary field 
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We compute the entropies for general curvature squared gravities in arbitrary dimensions using 
the conserved charge and Virasoro algebra from surface term. We introduce an auxiliary tensor 
field in order to obtain the boundary action which establish a variational principle. Our results 
reproduce those in some specific models, that is, the Gauss-Bonnet, new massive gravity (NMG), 
and critical gravity. 
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I. INTRODUCTION 



o 

CN ' Black hole is an important object in the theory of gravity because studying the properties of the black hole can 

\^ , give us to some indications for the quantum gravity. A thermal behavior is one of the remarkable aspect of black hole 

^^' [llj y| • In the concept of black hole thermodynamics for the Einstein gravity, temperature and entropy correspond to 

■^^ \ surface gravity and area of the black hole horizon, respectively. The methods to obtain the entropy have developed 

in last few decades. One of them is to use the Virasoro algebra with central charge and the Cardy formula [3, Q- In 

fvj I this method, the conserved charge constructing this algebra is related with the diffeomorphism and obtained from the 

bulk action. 

Recently, a new method was proposed in [a,[a]. In Refs papers, [a,la], the Virasoro algebra and the conserved charge 
are obtained from the surface term instead of the bulk term. We can obtain the central charge and the zero mode 
_^ eigenvalues of the Fourier modes of the charge from the Virasoro algebra without any ambiguity like shifting the zero 
i^] mode charge and the choice of parameter a appeared in Fourier modes of T which is determined as the solution of 
(— I ■ the Killing equations (detail is written in section 2). Using the Cardy formula Q, we obtain the black hole entropy. 
In the Einstein gravity, the corresponding surface term is the well-known Gibbons- Hawking term, and reproduces the 
Bckenstein-Hawking entropy. 

Our purpose in this paper is application of the method to the general curvature squared gravity. For the special 
ly-s , case including higher curvature terms, the Gauss-Bonnet gravity, the corresponding entropy was calculated in [31 (in 
QQ ' this paper the third order Lovelock model was also calculated). However, for generic gravitational theories including 
^^ , curvature squared term we have not obtained entropy because there is no corresponding surface term that leads to 
r~^ ■ a well-posed variational principle. This problem can be improved by introducing an auxiliary field which rewrite 
^H ] the action as a second-order form. Due to this reduced action, we can obtain a generalized Gibbons-Hawking term 
f^ . without loosing the variational principle. 

C^ ' This paper is organized as follows. In the next section, we will review how to obtain the conserved Noether charge 

from the surface term of a general gravitational action. In section 3, we will obtain the surface term for curvature 
squared action using the method of introducing auxiliary tensor field. In section 4, we will compute the generic 
formula of entropy for the Schwarzschild black hole. We will conclude our result in last section. 



II. NOETHER CURRENTS AND THEIR CHARGES FROM SURFACE TERM 

In this section, we review the calculation Noether current and conserved charge using the surface term. In general, 
the surface term of the gravitational action on the manifold M in _D-dimcnsions is given by 



^^B = j^ I d^xV^y^i^CB). (H.i) 
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where iV'' is the unit normal of the boundary 9M, g^^^ is the metric on the M and 7^1/ is the boundary metric induced 
from g^i,. The conserved Noether current J^ which we like to obtain corresponds to a general diffeomorphism 
transformation 

x^" ^ x" + S,'' . {11.2) 

Now, we define the Lagrangian density for convenience, 

V^/: = V^v^A^ a^ = -^n'^Cb, (II.3) 



where £ is a scalar. Under (jTL2j, the left hand side of (jll.3|) varies by 

6dV^c) ^ £dV^^) = V^v,{cn- (n.4) 

On the other hand, the right hand side changes by 

SdV^y,.An = £dMV^An]^df,[£^V^A^^ + V^£iA^]^V^V^[V,{A'^n-A''^^e], (n.5) 
where we have used the relationships 



V^A^ 



1 



-g 



-.d^iV^A^. 



Then, we get the conserved Noether current by equating pi.4p and pi.Sp . 
Also we can define the Noether potential J^"^ by rewriting J^ as 
The corresponding charge is then given by 



QK] 



M 



/^dS^J^ = i / V^dS^V, J^"- = i 



M 



hdljni/J , 



(11.6) 

(II.7) 
(II.8) 

(II.9) 



dM 



where the last equality is coming from the Stoke's theorem and dS^jy is the (_D-2)-dimensional surface element defined 
as 



dS„ 



d'^-^x{Nf,AU - N,M^), 



(Il.fO) 



and h is the determinant of the corresponding induced metric. Here, N^^ and A/^ are chosen as the space-like and 
time-like unit normals respectively: 



N^'N,, ^ 1, M^'M,, 



-f , Nn-i^ = 0. 



Next, we define the algebra of the Noether charges pL9[) as 



(11.11) 



(11.12) 



We will show that this algebra leads to the Virasoro algebra with the central charge. First, we compute the variation 
of the Noether charge 



So, the algebra (|II.12p becomes 






Now, we consider the general static spherical black holes solutions whose metric is given by 

ds^ = -f{r)di^ + f{r)-^dr^ + Kjdx'dx^. 



(11.13) 



(11.14) 



(11.15) 



Here /(r) is a function which satisfies the conditon /(r/J = 0, where r = r/j is the location of the horizon. From now 
on, we focus on the near horizon regions, so it is convenient to define a new coordinate p 



r = rh + p, p<l. 
In these regions, the function f{rh + p) can be expanded as 

/(r,+p) = + /'(r,)p+i/"(nOp2 



(H.16) 



(11.17) 



Here the surface gravity is determined by 



K \ 



(11.18) 



2 
On the horizon, p — > 0, the metric becomes singular, so we introduce the Bondi-hke coordinates defined by 

du = dt- f{p)-^dp. (11.19) 

Thus the metric (|II.15[) becomes regular on the horizon, 

ds^ = -f{p)dt^ - '2dudp + h.jdx'dx^. (11.20) 

We solve the Killing equations for the vector field ^'' which leave the horizon structure invariant 

= £^gpp ^ ~2dpC: ^ £^gup = -f{p)dpC - dpi" - duC, (11.21) 

= £^guu = -i'dpfip) - 2f{p)duC - ^dui' - 0{p). (11.22) 

We should note that the equation pL22[) near the horizon is trivially satisfied. The solutions for the Killing equations 
pi.2ip are given by 

C=F{u,x), e = -pdtF{u,x), (11.23) 

where F{u,x) is an arbitrary function and other components of ^^ vanish. In the original coordinates {t,p), these 
Killing vectors have the following forms 

i'=T~^^dtT, ^P = -pdtT, T{t,p,x) = F{u,x). (11.24) 

We define the two normal vectors N^^, Af^ for the metric (JII.ISP as follows, 

iV'^ = (0,y7(^,0,---,0), M^^=(^^,0,... ,0). (11.25) 

Substituting (|II.25|) into (|II.9[) . we obtained the conserved Noether charge, 

«1« ^ Tsb / -^^""-''^ {i^ - a^) ^B. (11.26) 

III. SURFACE TERM FOR CURVATURE SQUARED TERM 

In order to evaluate the entropy, we need to calculate the surface term Cb- In general, however, Cb for the higher- 
derivative term cannot be obtained because we impose the boundary condition that the variations of the metric should 
vanish, higher derivative terms of the variations are still exist, so there is no variational principle except with some 
specific term (for examples, the Gauss-Bonnet and the Lovelock gravities). As a substituted method, we use auxiliary 
field method to get the action including up to second-derivative term which is equivalence with the curvature squared 
one on-shell p (see also [1^ as a pioneer work ). 

We consider the most general curvature squared pure gravity action in ZJ-dimensions as 

S = — i- / d^x^^ {aR - 2Ao + aiR^^P" R^.p, + a2R^"' Rp, + a^R^) , (III.27) 

where Ag is the bare cosmological constant and a takes the values of or ±1 and oi, 02, and 03 are the coupling 
constants. For the Einstein-Hilbert term, the surface term is well-known so called hGibbons-Hawking termh 

Sgh = -^ / d^-^x^^{-2aK), (III.28) 



where K is the trace of extrinsic curvature defined by, 

K^, = -i(V,,7V, + V,A^^). (III.29) 

We restrict to consider the action including only second-order derivative terms by introducing an auxiliary field 

^ ' d''xV^{r''"'Rf..pa + bir''P^(j>^,p„ + 620'^^M-^ + h(j>'), (III.30) 



"^ 167rG 
where 4>^vp(T has the same symmetries as the Riemann tensor 4>^vp<T = — (/'/ji/o-p = —4>vpp(n 4>nvpa = 4>panv etc. and 



'^ ^lU 



= nP'^ 



g'"^4'pp,iTv, (/) = g^^cji^u- We show that by choosing the parameters (&i, &2j ^3) properly, 5*^ becomes equivalent 
to the curvature squared term of (jIII.27p . The equation for is given by 

Rpvpa + '2bi4'pi^pcr + 2&20(;jp5i.o-) + '^h'i>9 {pp9ua) = 0, (III. 31) 

where (• • • ) expresses, for example, 

<t>{p.p9va) = -lifpppgva - 'I>vp9tia " (t^p^aQup + (t^u^Qf^p)- (III. 32) 

Taking the trace of pil.311) . one obtains 

R^.u + 2foi(^^, + Y [(^ - 2)(/)p. + 0.9/..] + {D- 1)6305m- = «> (III-33) 

and, 

R + [2bi + {D- l)b2 + D{D - 1)63] (/) = 0. (III.34) 

Then, we obtain the relations between 4>pvpa and Rpupa as follows 

R 



2bi + {D-l)b2 + D{D-l)b3' 



(III.35) 



^t^^ " oro^ I /n ^\u I n^n 7^777 ^-^M^ ' (III.36) 



^''" 46i + {D- 2)62 V 2[2fei + (i^ - 1)&2 + D{D - 1)63 

1 / 4^2 

c/'^.p. = -^l^M.p--i67:pp-r^^(A'p.9-> (III-37) 

2[6i- 46163 + i^b2M „ 

[46i + {D- 2)62] [26i + (i? - 1)62 + D{D - 1)63] ^<'"'-'^'''^> 

Inserting these expressions into pil.30p and compared with pil.27p . we finally obtain the relationships between the 
(01,02,03) and (61,62,63) as follows 

ai = -^, (III.38) 

"' = 6i[46i + (D-2)62]' (™-'') 

^ 6i - 46163 + JJ6263 , . 

"^ 26i[46i + (D ^2)62][26i + (i?- 1)62 + i?(i?- 1)63]' ^ ■ ^ 

Next, in order to obtain the general Gibbons-Hawking (GGH) term we perform the variation of pil.30p . Since only 
a surface term we interested in, we ignore a term which vanishes on-shcU, 

6gS^ = j^ fd'^xV^r^'^SR^^p^ 



^ '' d^~^x^^N^{-2r'"'^\/p6g,.,), (III.41) 
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where we imposed the boundary condition Sg^^i, = to the third hnc. Using the variations of K/^^i, on surface, the 
integrand of SgS^ becomes 

- 2N,,(f>f'''P''VpSg,, =. 4Nr^"^^K,j , (III.42) 

where component r expresses the direction normal to the boundary dM. Then, we get the generahzed Gibbons- 
Hawking term as follows 

^GGH = --^, [ d^-^xy^(2a + 4(/."'^^i^,,). (III.43) 

iOTTLr J 

Using the (A)dS backgrounds solutions of pil.27p where 

2A _ 2A 2i:>A 

Ao = ^A + ^^§^ ([D{a, - ai) + a^ + 4ai] -^ + a,^^] A^, (III.45) 



we obtain the S'ggh for the (A)dS background 

1 



5ggh = -^ / d^'-'xV^ [{a + F)K] , (III.46) 

ottG J 

where F is defined as the contribution to the ^ghj 

4A 
^^ {D- l)iD - 2) [^"^ + ^^ ~ ^^^"^ + ^"^^^ • ^™-^^^ 

IV. ENTROPY FOR CURVATURE SQUARED GRAVITY 

In the previous section, the GGH action for the auxiliary field methods is obtained which is equivalent with the 
original curvature squared action on-shell. Now, we are ready to calculate the entropy for the general curvature 
squared gravity. For the Schwarzschild type metric, discussed in section 2, the extrinsic curvature is rewritten by 



1 



K = -TwT^p/' (IV.48) 



and the conserved charge near the horizon becomes 



QK] = ^ / d^'-'xV^ (^^T - ^dtT^ {a + F). (IV.49) 

We expand T in term of basis function Tm 

T = Y, AmTm. A:„ = A_„, (IV.50) 

m 

T„ = -exp [im{at + g{p) + p ■ x)] . (IV.51) 

a 

where a is a arbitrary parameter, p is an integer, and g{p) is a function that is regular at the horizon. Here T,„ is 
chosen to obey the algebra isometric to Diff 5*^ [ll| 

«{U,enr = (m-n)C+„. (IV.52) 



Substituting (IIV.51[) to (IIV.49[) and wc obtain Qm determined by Q = J^m Qm^m and their Virasoro algebra 

Q^n^^^ia + F)6,n,o, (IV.53) 

[Qm, Qn] = „ „ (o- + F) (to - n)(5„i+„,o - -,„ „ (ct + F) Sm+n,0- (IV.54) 

From the Virasoro algebra and the charge, we can get the central charge c and the zero mode Qq as 

l^ = T7rV^(^ + ^)' Qo-^A{a + F), (IV.55) 
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where A is the surface area of black hole. Using the Cardy formula, we obtain the entropy of the curvature squared 
gravity. 



S^2n^'^^^{a + F). (IV.56) 

We show several specific examples. First, the Einstein+Gauss-Bonnet type gravity, (01,02,03) = (1,-4,1), the 
entropy becomes 



5*^^ 



4o(i:>-3)/ 



(IV.57) 



where o is a coefficient of the Gauss-Bonnet term. This result coincides with that in [121 ■ Second, the new massive 

8^ 



gravity (NMG) in 3-Dim [3, (01,02,03) = (0,-1, |), 



5=(.-^a), (IV.58) 

where m^ is a coefficient of the higher curvature term. Finally we discuss Critical Gravity in 4-Dim,(oi, 02, 03) ~ 
(0, — ^, — 2t)- In this parameter choice, the entropy vanishes, which is same as 14 [. 



V. CONCLUSION 

In this paper we have studied the entropy of i?-dimensional gravity with curvature squared term using the method 
based on the Virasoro algebra and the central charge. Introducing an auxiliary field we have obtained the second- 
derivative formed action which is equivalent with the original one on-shcU. Thus, without loosing the variational 
principle, we have calculated the surface action and the Black Hole entropy. 

We note that the above technique is valid for the Schwarzschild type metric. So, the study whether the same 
method is still make sure to the other types of metric, the Kerr metric for example, is the interesting future works. 
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